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ABSTRACT

For a given contraction T in a Banach space X and 0 < a < 1, we define
the contraction To = )77 ) a;T7, where {a;} are the coefficients in the
power series expansion (1 —)® =1— E;‘;l ajtj in the open unit disk,
which satisfy a; > 0 and 2;’;1 aj = 1. The operator calculus justifies
the notation (I = T)* :=1 - Ta (e.g., (I = Tiy2)2 =I—T ). A vector
y € X is called an a-fractional coboundary for T if thereisan z € X
such that (I — T)*z = y, i.e,, y is a coboundary for T,. The fractional
Poisson equation for T is the Poisson equation for T,. We show that if
(I = T)X is not closed, then (I — T)®X strictly contains (I — T)X (but
has the same closure).

For T mean ergodic, we obtain a series solution {converging in norm) to
the fractional Poisson equation. We prove that y € X is an a-fractional
coboundary if and only if 2211 T*y/k'~% converges in norm, and con-
clude that limp, ||(1/n2=2) 3°F_ | T*y|| = 0 for such y.

For a Dunford-Schwartz operator T on L; of a probability space, we
consider also a.e. convergence. We prove that if f € (I — T)®L; for some
0 < a < 1, then the one-sided Hilbert transform 22 | T*f/k converges
a.e. For 1 < p < oo, we prove that if f € (] - T)*Lp witha>1-1/p=
1/g, then 3727 | T* f/k'/P converges a.e., and thus (1/n'/P)S"7_ Tk f
converges a.e. to zero. When f € (I — T)1/9L, (the case a = 1/q), we
prove that (1/n!/P(log n)1/9) 30 _ T* f converges a.e. to zero.
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1. Introduction

The ergodic theorem does not contain any general speed of convergence. In
fact, there is no universal speed of convergence in Birkhofl’s pointwise ergodic
theorem for probability preserving transformations (see the discussion in [Kr,
p. 14]). However, in many situations of ergodic theory or probability, certain
speeds of convergence are essential, and one is interested in obtaining them from
assumptions that link the integrable function f to the transformation (or, more
generally, to the Markov operator) under consideration. This is the main theme
of the present work.

It is well-known that the ergodic theorem (the mean ergodic theorem for a
contraction T on a reflexive Banach space X, or the pointwise ergodic theorem
for T induced by a measure preserving transformation) is based upon the ergodic
decomposition of the space X = {z : Tz = 2} ® (I — T)X. The elements of
(I — T)X are called coboundaries. The characterization y is a coboundary if
and only if sup,, || ZZ;(} T*y|| < oo (obtained in [Le] for certain unitary operators
on a Hilbert space, in [BuW] for contractions in reflexive spaces, and in [LiSi] for
contractions in L;) is a characterization by the rate of convergence of 1/n in the
mean ergodic theorem. For a coboundary y, the Poisson equation y = (I — T')z
can be solved by using the averages of the sequence {ZZ;& T*y} [LiSi]. For
an ergodic stationary Markov chain with transition probability operator P and
invariant initial probability m, Gordin and Lifshits [GoLif-1] obtained a central
limit theorem for additive functionals f on the state space which are Lo(m)-

coboundaries for the Markov operator P.

The starting point of this work was the result obtained by Kipnis and Varadhan
[KiV] for reversible ergodic Markov chains with an invariant probability (i.e., P
is self-adjoint in La(m)): the central limit theorem holds for functionals f which
are of the form f = (I — P)7g with g € La(m). When (unaware of the result in
[Bol, §IV.7], announced in [GoLif-2]) we extended the above result to P normal
[DeLi], we saw a connection with the operator I — /T — T, used by Brunel [Br]
in the context of multiparameter pointwise ergodic theorems. This inspired the
definition of (I — T')* for any a € (0,1), when T is a contraction on a Banach
space. For T mean ergodic, we obtain a characterization of the elements of the
image of (I —T)® (called a-fractional coboundaries), and a series solution of the
fractional Poisson equation (I — T')*z = y. In section 2 we consider the problem
for a contraction in a general Banach space, and our results are expressed in
terms of the norm or the weak topology of the space. In section 3 we deal with
probability preserving transformations and general Dunford—Schwartz operators,
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and the problems are treated from the point of view of a.e. convergence. Special
results for normal contractions in a Hilbert space are given in section 4.

2. Fractional Poisson equations in Banach spaces

Let T be a contraction (bounded linear operator of norm < 1) in a Banach space
X. In this section we define bounded linear operators (I — T)* for 0 < & < 1.
For r > 0 real, we define the operators (I — T)" := (I — T)I')(I — T){*} (where
[r] and {r} are the integral and fractional parts of r), and obtain the semigroup
property (I — T)"*¢ = (I = T)"(I — T)®. For 0 < a < 1 we then study the
associated fractional Poisson equation (I — T)*z = y for a given y € X.

For a fixed a € (0,1), we have the power series expansion (1 — ¢)* = 1 —

P ag-a)tj, where a{® = o, and

(2.1) Lo _o(l=a)-(—1-0)

for j > 2.
3 71

The asymptotic behaviour of ag»a) is given in {Z, vol. I p. 77]:

-

n+1a(a) _n
a "1 TI(1-a)

(2.2) [+ 0(1/n)].
We have a§~a) >0forj>1land Y 52, ag-a) =1, so for a contraction T in a Banach

space the series Z;’f’__l ag.a)Tj is absolutely convergent in the operator norm, and
defines a contraction Ty,.

Definition: For a contraction T in a Banach space X and 0 < o < 1, we define
I-T)=T=Ta=1-Y3 a1,

Remark: The referee has noted that the preceding definition is a particular case
of the general definition of the fractional power of the inifinitesimal generator A
of a strongly continuous semigroup of operators {T; : ¢ > 0}. In this general
situation we define

sin amw

(—A)® /Ooo XYL — A)"Y(—Az)dX Vz € D(A).

m
Then Ay = —(—A)" is the infinitesimal generator of the semigroup {7} : ¢ > 0}
subordinated to {T;} by the semigroup of stable probability distributions of index
aonR* [Y, §IX.11]. In our context, with T a contraction and A = T—1I, insertion
of the Neumann series for (AI — 4)~! = [(A+1)I —T]~! in the preceding integral
will yield the power series expansion for (I — T)® given in our definition.
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Let 0 < a,8 < 1. When a + 8 < 1, we multiply the power series
(1—~1)%(1—t)? = (1—t)**# according to Cauchy’s rule, and easily conclude that
(I-T)*(I-T)8 = (I-T)*+#. When a+8 > 1, we put v = a+p—1, and multi-
plying (1—t)*(1—-t)# = (1—t)"(1—t) we obtain (I-T)*(I-T)? = (I-T)"(I-T).
It is now immediate that (I — T)" has the semigroup property.

For fixed 0 < a < 1, we now study the image of (I — T)*. The fractional
Poisson equation for T is in fact the Poisson equation for the contraction T,.

PROPOSITION 2.1: Let T be a contraction in a Banach space X, and let
O0<a<l
() I-TPXc(I-T)*X fora<pB<1.
(i) I-T)*X=(I-T)X.
(i) (I — T)*X is closed if and only if (I — T)X is closed.
(iv) I =T)*x =0 if and only if (I — T)x = 0 (i.e., T and T, have the same
fixed points).

Proof: (i) follows from (I — T)8 = (I — T)*(I — T)P~=.
(ii) Let y = (I = T)°z, s0y = & — Py ag.a)Tja: =Y a§a)(I — T9)z. Since
(I-T)z = (I-T) Y i, T*z, we have y € (I — T)X. This and (i) (with 8 = 1)

yield

I-TYXcI-T)eXc(I-D)X.

(iii) By (i) and (it), I -T)X c (I -T)*X c (I-T)X, so (I - T)X closed
implies (I — T)*X closed. Assume now that (I — T)®X is closed. Denote Y =
(I-T)X, so by (ii), I — T, has closed range Y. The closed subspace Y is
T-invariant, hence also T,-invariant. Clearly T, has no fixed points in Y, so
I — T, is invertible on Y with continuous inverse. Assume first o > % Then
(I-T):(I-T)*~% = (I-T), so invertibility of (I—T)* on Y implies invertibility
of I-T)) onY,s0 (I-T)Y =[I-T)}2Y =Y,and Y C (I - T)X, so
equality holds. Assume now 0 < o < % Let K be the first positive integer with
Ka > 1 (and then Ko < 1). The invertibility on Y of (I — T)* implies that of
(I — T)¥> =[(I — T)*]¥, and we apply to Ka the first part of the proof.

(iv) follows from the Brunel-Falkowitz lemma [Kr]. 1

PROPOSITION 2.2: Let T be a contraction in a Banach space X. If (I —T)X is
not closed, then for 0 < o < 8 < 1 we have (I - T)?X # (I - T)*X.

Proof: By Proposition 2.1(iii), the space (I — T)#~*X is not closed, but its
closureis Y = (I — T)X, by Proposition 2.1(ii). Hence there is € Y which is not
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in (I-T)?~*X,and let y = (I-T)*x. If we assume that (I -T)*X = (I-T)° X,
then there is z with y = (I — T)%z = (I - T)*(I —~ T)#?~%z (since B > «). Hence
(I - T)*[z — (I — T)#~*z] = 0. By Proposition 2.1(ii), (I - T)?~*z € Y, so we
have that = — (I - T)P~%z is a fixed point of T}, in Y, so by Proposition 2.1(iv) it
is 0, which yields z € (I — T)?~*X — a contradiction to the choice of . ]

Remark: When (I — T)X is closed, the operator T' is uniformly ergodic [Li],
and I — T is invertible on its image. This is a “rare” case (operators induced by
measure preserving transformations are not uniformly ergodic).

For a contraction T in X and 0 < a < 1, we want to study (I — T)*X. A
vector y € X is called an a-fractional coboundary for T if it is in (I — T)*X,
i.e., the fractional Poisson equation (I — T)*z = y has a solution (which means
that y is a coboundary for T, ). Formally, solving the fractional Poisson equation
means inverting (I — T)* (on its image). Using term by term differentiation of

1-t)f=1- Ejo L gﬂ)tﬂ for |t| < 1, and applying it to 8 =1 — a, we find

o0

(1-a) 1 T
[(1=1£)2]" Zja it —&Z(gﬂ) e for [t < 1.

=0

At t = 1 the series diverges, but we still want to use it for the inversion of (I—-T')®.

Now the question is: if y € (I - T)*X, does the series 2= Z;-V:O(j +1) 5:_10’)T1

converge (weakly or strongly), as N — oo, to a solution z of (I — T)%z = y?
Note that since y is in Y = (I — T) X, also the limit of the series, if it exists,
must bein Y.

For |t| < 1 we multiply the power series
oo e o]
(23) 1—a=(1-a)1-1*A-1)" =1 -3 o) Z (k + 1)al ]
j=1 k=0
and computing the coeflicients of {* according to Cauchy’s rule we obtain

n—1

n
11— 1-a a @
24 (+Dali? =S (k+1)al Y0 =Y+ 1 - el el
k=0 j=1

LEMMA 2.3: For N > 0 we have

00 N
(2.5) Z Z(] +1) gila)a,(ca)J =1-a.

k=N+1j=0
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Proof: We need to prove only for N > 0. For 0 < £ < 1 we obtain, from the
absolute convergence, using (2.4) for the last equality,

N
( Za(a)tk) [Z i+ 1) ;Ll")ﬂ] =a{" + 3 (G + Da{7
§=0 j=1
N

) N
1— . 1-
- Z (Z a®(n+1- k)aﬁlﬂa_)k)t" - Z (Z(] +1) ;HO‘)aS‘)])
n=1 ‘“k=1 n=N+1 ‘j=0
00 N .
Slea- Y (Z(j 1) §+1a)a(a_)1)

n=N+1 \j=0

Hence for N > 0 fixed, we have Y o N+1(EJ old + 1)a(i_la)a$ta)3)t" <1-~afor
every 0 < t < 1. Letting t increase to 1, we obtain that the left hand side of (2.5)
converges to 1 — o from below. |

PROPOSITION 2.4: Let T be a contraction in Banach space X and 0 < a < 1.
Then
(i) for every z € X we have

N 0 N
Z(j+1)a§i_1c")TJ (I-T)%2 = (1-a)z— Z (Z(J+I)a§ila)a£a)j>T"z;
=0

n=N+1 *j=0

(i) supy H Y oG+ Dal T - T)

<2(1-a).

Proof: (i) Because of the absolute convergence in defining T,, we have the
following, with strong convergence:
N

N e}
1— 1-—
S+ a1 =y = 3 + DT (= 3k
7=0 k=1

=0
N N o )
-—agl Nyt Z j+1a (1 10’)TJ ZZ i+ 1a (1 1a)a§ca)T’+kz

j=1 =0 k=1

[(" + 1)a£alJ:1a) - Z(" +1-k)a 5114-1a)ka1(ca)]T
1 k=1

N
- Y [+ el

=0
oo N
=(1-az- > [3G+ Dalii Va7

n=N+1 j=0

Mz

=(1—-a)z+

3
H

1l
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by using (2.4) for the last equality.

(i) By Lemma 2.3 the operator R\ := Y reN+1 [E;V:O(j +1)a gila)aﬁ)]]T’“
is well defined, with operator norm convergence, and ||R§$‘)|| <1 - a for every
N. With the computations in the proof of (i), this yields

N

G+ 1Dal7¥TI(I - T)%z| < (1 - a)z]l + IRY 21| < 21 - o)2].

=0
LEMMA 2.5: For0 <a <1and k> 1 we have .22, a ga) (1/a)kal®.

Proof: For |t| < 1 we compute the absolutely convergent series

Z Za(") th(1 —t) —t—Zaktk‘H =t(1 - )%

k=1 j=k
Hence
(@ L™ @
[¢] - . _ il o),k
z(za )¢ =t-0et =L - o = Dl
k=1 k=1
and the result follows by equating the coefficients on both sides. ]

PROPOSITION 2.6: let T be a contraction in a Banach space X, and 0 < a < 1.
Then

lim
N-ooo

00 N
> G+ el Vel | TH - T)“ 0.

k=N+1 j=0

Proof: By Lemma 2.3, the operators are well defined, with operator norm
convergence of the series, and for any z € X we have

> [Z(j“) §11">a§;’)]]T’°(I T)z

N
. l—o @ a
= G+ agly )[agvil TN e+ Z (o —af 1)Tk$]~
j k=N+2
By (2.4), the norm of the first term is majorized by Z;V:O(j—H) ﬁla)aNH_J |EA]
= |lz|(N + 2 ag\h;). By (2.1), ag»a) is decreasing (to zero), so the triangle
inequality yields a majorization of the second term by

N o0

. 1- o o a
S+ Y @, - al)lall = all(N +2)al5e).
§=0 k=N+2
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7
2N +2)afy s =21 - ) L yipaf ™ 0. W

Hence, using Lemma 2.5, || Y02 x4 [Z;V:O(j + l)a(.i_la)a,(;i)j] THI - T)| <

THEOREM 2.7: Let T be a contraction in a Banach space X, and 0 < a < 1. If
y= (I —T)*x withz € (I - T)X, then

N

. 1 . (1—a)mj
R o z;)(J +1a; Ty — || =0.
]=

Proof: With Rg\?) as defined in Proposition 2.4, that proposition yields

N N
1 . — )i 1 . o)
I—a § :(J + 1)a§'}|.1a)T‘7y =1 a E G+ l)aﬁla)T’(I - Tz
=0 j=0

By Lemma 2.3, |!R§$) || £ 1—afor every N, and ||R§\‘,’)(I—T)|| — 0 by Proposition
2.6, so I|R§:,’)a:|| — 0 by the assumption z € (I - T)X. [ |

Recall that a contraction is called mean ergodic if Ez := lim, 1 37 | T*z
exists for every £ € X. The limit operator E is then a projection onto the
space F(T) := {y € X : Ty = y}, with null space (I —T)X. The ergodic
decomposition X = F(T) @ (I — T)X is equivalent to mean ergodicity of T (see
[Kr] for more information).

By Proposition 2.1, mean ergodicity of T is equivalent to that of T,, (for any
fixed 0 < a < 1). When T is mean ergodic, the fractional Poisson equation has

a solution in X if and only if it has one in Y = (I — T')X; the solution in Y is
unique, and Theorem 2.7 yields a series representation for this solution.

COROLLARY 2.8: Let T be a mean ergodic contraction in a Banach space X,
and 0 < a < 1. Ify € (I - T)°X, then the series 125 3 72 ,(j + 1)a§1+_1°‘)ij
converges strongly, its limit = is in (I — T)X, and satisfies (I — T)%z = y.

For any contraction T, the space of z € X for which lim, % > roq TEz exists,
called the ergodic subspace of T', is a closed invariant subspace, which equals
F(T)® (I - T)X, and the restriction of T to it is mean ergodic. Since every
fractional coboundary is in the ergodic subspace, Corollary 2.8 allows us to solve
the fractional Poisson equation when there is a solution in the ergodic subspace
(and only in that case, since the series converges to an element of (I — T)X).
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LEMMA 2.9: Let T be a contraction in a Banach space X,y € X, and0 < a < 1.
If for some subsequence { Ni.} we have supy, || Z;V:“O(j+ l)ag-i_la)T"y“ =K < oo,
thenye (I-T)X =1 -T)*X.

Proof: Take z* € X* satisfying T*x* = z*. Then for every N} we have

Ny Ny,
[z, )| Y G+ Daly® = | 3G+ Vel (@, Tiz)| < Klz*].
j=0 j=0

Since ¥, jagl_a) = 00, we must have (z*,z) = 0. By the Hahn—Banach theo-
rem z € (I — T)X. Proposition 2.1(ii) gives the equality (I — T)2X = (I - T)X.
[ |

PROPOSITION 2.10: Let T be a contraction in a Banach space X, y € X, and
0 < a < 1. If some subsequence (1/(1 — a)) Z;.v:“(,(j + 1)a§-:")ij converges
weakly to z, thenz € (I - T)X, (I - T)*z = y, and

N
. 1 , (1-a)pj “_
1\}1_13100”1—aj2=200+1)“j+1 T’y —z||=0.
Proof: By the previous lemma, y € (I —T)X, and since a closed subspace
is weakly closed, also z € (I —T)X. By the weak continuity of (I — T)*® and
Proposition 2.4(i), we have

Ny
= w- lim — gl _ i R(®
(I-T)z = w- klgl;o e jgo(j +1)a; " T (I -T)%y = y~w-lim T:ERN" Y.

Since y € (I — T) X, Lemma 2.3 and Proposition 2.6 yield ||R§§')y]| — 0, and we
have (I — T)*z = y. The strong convergence of the whole sequence follows from
Theorem 2.7. |

THEOREM 2.11: Let T be a mean ergodic contraction in a Banach space X, and
0 < a < 1. Then the following conditions are equivalent fory € X:

(i) y e (I - T)X.
(ii) The series $25 >.°2,(j + 1)a§~:__1“)Tj y converges strongly.
(iii) A subsequence ;- Z;\Z‘O( Jj+ 1)a§-:a)Tj y converges weakly.
(iv) The series Z;’il T7y/j1=< converges strongly.
When these conditions are satisfied, the sum of the series in (ii) is the unique

z € (I - T)X satisfying (I — T)%z = y.
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Proof: (i) = (ii) by Corollary 2.8, and (ii) obviously implies (iii). (iii) = (i) by
Proposition 2.10.
By (2.2), ¢ := (j + 1)a§-1+]a) — Coj~ ) = O(l/jz“’). Hence

N

1—
(2.6) G+ Dal W Tiy =

j=1 '_—. =

z

T]

Since the last series on the right converges strongly, the series in (il) and (iv)
converge or diverge together. 1

COROLLARY 2.12: Let T be a contraction in a reflexive Banach space, and let
0 < a < 1. Fory € X, the equivalent conditions of the previous theorem are all
equivalent to each of the following conditions:

(v) supy || oG + Dali YTyl < oo

(vi) liminfy || 306 + Dali;™ Ty < oo.

i) oo | 201 B2

< 0.

Proof: Clearly (ii) = (v) = (vi). By reflexivity, (vi) = (iii). The equivalence
of (v) and (vii) follows from (2.6). ]

Remark: For any contraction T on a Banach space X, Proposition 2.4(ii) yields
that condition (v) above holds for y € (I — T)*X. However, condition (v) does
not imply y € (I — T)*X, even for T mean ergodic. Let S be a contraction on a
Banach space Z, which is not mean ergodic, and let z € Z be outside the ergodic
subspace of §. Let y = (I—S)®2, and X the closed subspace generated by {S7y}.
Then X is an S-invariant subspace of the ergodic subspace, and we define T to
be the restriction of S to X. Then (I — T)* is the restriction to X of (I — §)*.
If there is z € X satisfying (I — T)*z = y, then z — z will be S,-invariant, hence
S-invariant, implying z is in the ergodic subspace — a contradiction.
THEOREM 2.13: Let X = Z* be the dual of a Banach space Z, let T' = S* be the
dual of a contraction S in Z, and let 0 < a < 1. Then the following conditions
are equivalent fory € X:

(i) ye (I -T)*X.

(i) supy || Ziio (i + 1)afiy¥ Tyl < oo,

(i) supy || 51, To/5*~|| < co.
(iv) There exists K > 0 such that [(y, z)| < K||(I — S)*z|| for every z € Z.

Proof: (i) = (ii) follows from Proposition 2.4(ii). (ii) and (iii) are equivalent by
(2.6).
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The boundedness condition (ii) implies the existence of a weak-* limit point z
for the sequence {Z;Y:O(j+ l)agi‘la)ij}. By Lemma 2.9, y € (I - T)X. By the
definitions, (I —T)* = [(I - S)*}*, so it is weak-* continuous. The computations
of Proposition 2.10, taken this time with weak-* limits, yield (I — T)%z = y.

If y = (I — T)*x, then (iv) holds with K = ||z||. Assume (iv). Then for z € Z

we have, using Proposition 2.4(ii) for the last inequality,

N N
<Z(3’ +Dag Ty, > = ’<~*f > G+ 1>a§iz°"5”>

=0 f
S K’

7=0

N

Y (+1)al s (1= 5y

j=0
Remarks: 1. Although y which satisfies (ii) of the previous theorem is in
(I =T)X by Lemma 2.9, the weak-* limit point = need not be in (I - T)X
(though it is in its weak-* closure). For an example, let Z = £y, so X = £, and
take S the shift S(ay,a,...,05,...) = (ag,03,...,0541,...). Its dual T = S*
is T(by,b9,b3,...) = (0,b1,bs,...). Clearly T has no fixed points. The constant
sequence 1 = (1,1,1,...) is not in (T - T)X, since 1 = L S"P7 T*1(n) shows
the averages do not converge to 0 in norm. Let y = (I — T)*1. The only z € X
satisfying (I — T)*z = y is 1 because of the absence of fixed points.

2. Condition (iv) of Theorem 2.13 appears in [KiV] for T' symmetric in a

Hilbert space and o = £.

<2K(1-a)|l2]l-

Hence (iv) implies (ii). |

The previous results can yield rates of convergence in the mean ergodic the-
orem, when we use the following Banach space version of Kronecker’s Lemma
(which is proved by adapting the scalar proof of [N, p. 139]).

KRONECKER'S LEMMA: Let X be a Banach space. If {b,} is a sequence of
positive numbers increasing to oo, and {zr,} is a sequence in X such that
Y re1(@r/br) converges strongly (is bounded), then ||(1/b,) Y r., x| converges
to 0 (respectively, is bounded).

THEOREM 2.14: Let T be a contraction in a Banach space X, and 0 < o < 1.

Ify e (I-T)*(I—T)X, then lim, ||(1/n1=%) S7_ Tky|| = 0.

Proof: Put b, =1/(n+ 1)a§3+_1°). By Lemma 2.5, b, increases to co. Theorem
2.7 and Kronecker’s lemma yield lim, ||(1/5,) 35—, T*y|| = 0. Replacing « by
1—a in (2.2), we obtain lim,, n1~%/b, = C > 0, which yields the theorem. [ |
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COROLLARY 2.15: Let T be a mean ergodic contraction in a Banach space X,
and 0 <a < 1. Ify € (I - T)*X, then lim, [|(1/n'~*) >¢_, Try|| = 0.

Remarks: 1. The converse of Corollary 2.15 is false — counterexamples, in a
Hilbert space, will be given in section 3 (for a unitary operator) and in section 4
(for a symmetric contraction).

2. Without mean ergodicity, Corollary 2.15 may fail: Let X = ¢;, and

denote the standard basis by eg, e1,. .., ¢€j,.... Let T be the shift T(3_77  tje;) =
Y jeotiej1, and take y = (I —=T)%ep =ep — Y 52, a §a) Then
k

n n k 00
Srty-n+ 3 (-3 d)a- 3 (3 )
k=0 k=1 j=1

k=n+1 j=k-n

Since all terms are on different basis vectors, Lemma 2.5 and (2.2) yield

y IZi( i a§a))=éi(k+l)a,(€i)1>czk—a>cl l-a

k=1 j=k+1 k=1 k=1

PROPOSITION 2.16: Let 0 < o < 1. Then there exists a constant C, such that
for every contraction T on a Banach space we have

n
— > T*I-T)"
k=1

< C,.

sup
n

Hence

= ZT’“

Proof: Let b, be as in Theorem 2.14, and apply Kronecker’s lemma to
Proposition 2.4(ii) (the constant does not depend on T by the proof of
Kronecker’s lemma). Then use (2.2). 1

sup <oo forye (I-T)*X.

THEOREM 2.17: Let T be a contraction in a Banach space X, and let 0 < 8 < 1.
Ifsup, ||(1/n*=#) Y7 _, T*y|| < oo, then y € (I = T)*X for every 0 < a < f.

Proof: Fix 0 < a < 8, and let ¥ =1 — a. We use Abel’s summation by parts
to prove convergence of Y p_, T*y/k”. Denote yo = 0 and y; = Z;-c:l T7y. For
j < n—1we have

n-1
Y — Yk-1 lec 1 _ Un Yj 1 1 )
s Ty s SRR TERV Y N
¥ ¥ v
N Nt nY  (j+1) Marel k (k+1)
- o -1
_ n'f y, _ i'P oy nz (L o1 )kl—ﬂ Y
nY nl=8 (1) 418 kv (k+1) ki-6"
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By assumption, sup,, ||y./n'?|| = C < 0o, so the first two terms tend to 0 as
j,m — oo (since ¥ > 1 — B). For j < n— 1 we have

n—1

1 1 Yk
k_%;r (7- k17 L
¢ Z (k‘r (k+1) Frp)F e sae Z k7+ﬂ’

k=j+1

which tends to 0 as j — oo (since v+ 3 > 1). Hence Y.p_, T*y/k" converges.
By (2.6) (which does not require the ergodicity assumption of Theorem 2.11),
Yo+ l)aﬁ)lTJ y converges, which yields that y € (I — T)*X by Proposition
2.10. | |

Remark: Theorem 2.17 shows that if (I-T)X is not closed, then for any 0 < a <
1 there is y € (I — T)X with sup,, ||(1/n1~*) 3 p_, T*y|| = oo: Let 0 < 4 < o,
and take y € (I — T)X which is not in (I — T)°X (exists by Proposition 2.1).
Theorem 2.23(iii) below improves this result, by yielding a ¥ not dependent on
.

PrOPOSITION 2.18: Let T be a contraction in a reflexive Banach space X,y € X,
and 0 < a < 1. Then

ZT'“ vy if and only if sup
k=1

nla

n
EPN
k=1
Proof: The weak convergence clearly implies the boundedness condition.
Assume sup,, ||(1/n~*) 37 T*y|| < co. Then ||(1/n) 5., T*y|| = 0,
which yields y € (I — T)X. By reflexivity, {(1 Vi D T"“y}n>0 is weakly

sequentially compact. Let the subsequence (1/ n;*a) ZZJ=1 T*y converge weakly,
say to x. Since a closed subspace is weakly closed, also € (I — T)X. Now

]

1
(I-T)z =w-lim —— Z(I - T)T*y = w-lim —— —— (Ty - T y) =0.
ERR O vt J nj
Hence Tz = z, so z = 0. This yields the required weak convergence to 0. |

Remarks: 1. Strong convergence need not hold in the proposition, and in Theo-
rem 2.17 y need not be in (I —T)PX: Let {e;} be the standard orthonormal basis
of £3, and T the shift. Then || T¢_, T*ey|| = /7, so for o = 1 the boundedness
condition of the proposition is satisfied without strong convergence. Corollary
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2.15 shows that e; cannot be in (I — T)%ﬂz, though the assumptions of Theorem
2.17 are satisfied for 8= 1, and ey € (I - T)*p for 0 < a < %

2. The shift in 45 of the previous remark provides an example where (I-T) X #
Mocaci(I ~T)*X. Let z = (I — T)%e;. By the above, z € (I — T)P4, for
% < B < 1, s0 by Proposition 2.1(i), z € Nycaer (I = T)*¢2. If z = (I -T)y, then
(I = T)/?[e; — (I — T)/?y] = 0. Since ker(I — T) = {0} , Proposition 2.1(iv)
yields e; = (I — T)?y — a contradiction, so z ¢ (I — T)s.

LEMMA 2.19: Let {z;} be a sequence in a Banach space, and {b;} a sequence

of positive numbers monotonely decreasing to 0. If {E;":l z;} is bounded, then
Y521 bjzj converges strongly.

Proof: Let y, =Y "_, zj. By assumption ||y,|| < C for every n. For n > k we

7=1
have
n n
Z bjz; Z bi(ys — ¥j-1)
Jj=k+1 Jj=k+1
n—1
bryn — brs1yx + Z (bj = bi+1)y5|| < 2bg4aC,
j=k+1

which tends to 0 as k — oco. Hence {3_7_, bjz;} is Cauchy. N

PRroPOSITION 2.20: Let T be a contraction in a Banach space X, and 0 < o < 1.
Ify € (I — T)*X, then the series Z;’;l T7y/j converges strongly.

Proof: Proposition 2.4(ii) with (2.6) yield the boundedness of
{325=1T7y/5'~*}n, and we apply Lemma 2.19 with b; = j~. [ |

ProprosITION 2.21: Let T be a contraction in a Banach space X, and let y € X.
If 3732, T9y/j converges strongly, then

[(I ) +Z ]y“zo

Proof: Put Aay:= L[(I - T)* — Ily. Using (2.1)7 we obtain

ay———za(“)T’y——Ty ZH k s

=-Ty - Z[Hill _]T;_

lim
a—0t
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For j > 2and 0 < a < 1 define ¢j o := 1 = TE_1(1 - o/k). Then 0 < ¢jq < 1.
For o fixed ¢;  is increasing in 7, and for j fixed c; o decreases to 0 as « decreases
to 0F. Hence, for every integer N > 0 we have

1

lim sup I-T)*-Ily+ } = lim sup Ci o H

a—0t+ a[( Z a—0+ Z P
o0
TI
< lim sup Z Cja y“
a—0t+ =N+1
For j > n denote z, ; := i:n T*y/k. By the given convergence, for ¢ > 0

there is N such that ||z, ;|| <efor j >n > N. Forany 0 < a <1land K > N,
the monotonicity of ¢; o in j yields

K ; K
Tiy
H > Cj,a—.—“ =| Y cialzn;—zni1)
j=N+1 J ji=N+1
K—-1
< lex,azn kx|l + llevs1,azn, N + || Z (¢j,a = Ci41,0)ZN ;]
< 3e.
Hence
limsup || Z c,, H < 3¢,
a—0+ J=N+1 .7
which proves the proposition. ]

THEOREM 2.22: Let T be a contraction in a Banach space X, and denote Y =
(I -T)X. Then
(@) {I-T)jy : r > 0} is a strongly continuous (at 0) semigroup on Y (with
(I - T)?Y : I|y).
(i) If Z;‘;l T3y/j converges strongly, then y is in the domain of the
infinitesimal generator A, and Ay = - 3222 T7y/j.
(iii) (I — T)*X is contained in the domain of A, for every 0 < a < 1.

Proof: (i) Fix some 0 < 3 < 1. By Proposition 2.1(ii), (I —T)?X is dense in Y,
so Proposition 2.20 yields the convergence of Z;‘;l Tiy/j for y in a dense subset
of Y, and for those y, Proposition 2.21 yields lim,_,o+(I — T)*y = y. Since
(I —T)%|| <2 for a < 1, we obtain the strong continuity at 0.

(i) is Proposition 2.21, and (iii) follows from (ii) and Proposition 2.20. |
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THEOREM 2.23: Let T be a contraction in a Banach space X. If (I - T)X is
not closed, then:
(i) There exists y € (I — T)X such that 2;-'=1ij/ j does not converge as
n — 0.
(i) Upcacs - T)°X # T=T)X.
(iii) There exists y € (I — T)X such that sup,, ||(1/n!~*) Y ¢_, T*y|| = oo for
every 0 < a < 1.

Proof: (i) Denote Y = (I - T)X, and let S = Tjy. Suppose that S Ty/i
converges strongly for every y € Y, say to Hy. By the Banach-Steinhaus
theorem, H is a bounded operator on Y. The previous theorem yields that H is
the infinitesimal generator of the semigroup {(I — S)": r > 0}. We then have a
strongly continuous semigroup on Y with a bounded generator, so t_)’y [DuS, Corol-

lary VIIL1.9] it is uniformly continuous, i.e., ||(J = §)® — I|| @ = 0% 0. Hence,
for 0 < a < 1 small enough, (I — S) is invertibleon Y, so Y = (I — S5)?Y.
By Proposition 2.1(iii), {{ — S)Y = ¥, which yields Y C (I — T)X. Hence
(I - T)X =Y, contradicting the assumption that (I — T)X is not closed.

(i) follows from (i) and Proposition 2.20. (iii) follows from (ii) and Theorem
2.17. 2

Remark: For T induced by a probability preserving transformation, part (i) of
the theorem was proved by Halmos [H]. For a unitary operator U in a Hilbert
space H, Campbell [C] proved the norm convergence of the two-sided Hilbert
transform lima o0 3o k1<n U*y/k, for every y € H.

3. Pointwise convergence for fractional coboundaries

In this section we look at the pointwise convergence, instead of the norm con-
vergence treated in the previous section, when T is a Dunford-Schwartz (DS)
operator on L, of a probability space (i.e., T is a contraction of L, such that
T flloo < ||flloc for every f € Lo). If 8 is a measure preserving transformation
in a probability space (§2, L, i), then the operator Tf = f o8 is a DS operator
on L;(pn). More generally, any Markov operator P with an invariant probability
yields a positive DS operator. We denote by T the linear modulus of a linear
contraction T on L, [Kr, p. 159]. It is known that if T is a DS operator, so is
T. The Dunford-Schwartz theorem says that for a DS operator in a probability
space, the pointwise ergodic theorem holds, i.e., for every f € L;, the averages
1% %=1 T*f converge a.e. This implies the mean ergodicity of . Now the same
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applies to T (note that the Dunford-Schwartz proof is based on proving the
maximal inequality for T).

THEOREM 3.1: Let T be a contraction of Ly(p) with mean ergodic modulus T.
If f € (I — T)*L; for some 0 < a < 1, then the one-sided Hilbert transform
Y ore . T* f [k converges a.e.

Proof: Note that norm convergence follows from Proposition 2.20.

We use Abel’s summation by parts. Let Spf = 0, and Si.f = ELI T3 f for
k> 0. For 0 < v <1 we have

T*f Sif - S f_ Snf
(3.1) Z K Z e Z(m_ k+1)7)s’°f’

‘We want to prove a.e. convergence for v = 1. Since T has mean ergodic modulus,
Snf/n converges a.e. and in norm [CLi] (so the limit is 0, because f € (I — T')L,).
For the series, we write

Zl(m k+1)‘7)Skf] 7Zk1+v| Sefl < "Zka+7 kkf

Since T is mean ergodic, and f € (I — T)*L;, Corollary 2.15 yields
limy [|Skf/k*~*||1 = 0. By Lebesgue’s theorem, for v > 1 — a we have

5, el i £ 2 221, <

Hence
o0

1 Sif
ka+7lk1—a
k=1

[<oo ae fory>1-—aq,

so the series on the right hand side of (3.1) is a.e. absolutely convergent
for vy = 1. [ |

Remarks: 1. The series on the right hand side of (3.1) converges a.e. also for
1—a < v < 1, so the a.e. convergence of Y _, T*f/k” depends on the a.e.
convergence of S,f/nY. If {g,} are i.i.d. with go € L, but not in any L, with
p > 1, and 0 is the shift, i.e., g, = g 0 8", the Borel-Cantelli lemma shows that
for v < 1 we have a.e. divergence of g 0 6%/n”. For T induced by 6, we take

= (I-T)g € (I - T)*Ly, and see that when v < 1 a.e. convergence in (3.1)
may fail.
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2. Tt is known [P, p. 94] (see also [DRo]) that for every 6 ergodic measure
preserving in a non-atomic probability space there is f € Lo with [ fdp =
0, such that Y p_, f 06%/k is a.e. divergent; this is in contrast with the a.e.
convergence of the two-sided ergodic Hilbert transform for every f € L4, for any
invertible ergodic probability preserving transformation (see [P]).

3. For T induced by an ergodic measure preserving transformation, Assani
[A, Theorem 9] proved a.e. convergence of the rotated one-sided Hilbert trans-
form for functions which he calls Wiener—Wintner functions (defined by an
appropriate Li-norm inequality).

4. If C and D are the conservative and dissipative parts of the modulus T of
a contraction T on Ly, then Y o |T*f|/k7 < Y72, T¥|f| < 00 a.e. on D, for
every f € Ly and 0 < v < 1. The previous result is therefore of interest only on
C, i.e., when T is not dissipative. For conditions equivalent to mean ergodicity
of T, see [Kr, p. 175]. Note that D need not be absorbing, so there may be a
“contribution of mass” from D to C.

Let T be a Dunford—Schwartz operator. The conservative and dissipative parts
of its modulus T are both absorbing [Kr, p. 131], so the previous remark shows
that we have to deal only with the case that T is conservative, i.e., T1 =1 a.e.
(since the measure is finite).

The modulus T of a DS contraction is also a contraction in each of the L,(u)
spaces, 1 < p < oo (for a simple proof see [Kr, p. 65]), and hence so is T'. For
g € L, we have T"(|g|’)/n — 0 a.e., by the ergodic theorem. By [Kr, p. 65]

|T"g)/n!/? < T"(|g])/n!/? < [T"(gl?)/n]"/? = 0.

Hence, for f € (I-T)Ly (i.e., withsup,, || Sp_o T* f|| < 00) we have Sy, f/nl/P —
0 a.e. — an improvement upon the information given by the ergodic theorem.
For a given DS operator T, we want to obtain a larger class of functions of L,
which contains (I —T)L,, with this better convergence (when T is conservative).
Note that we cannot have a smaller power of n which will give the improved
convergence for every f € (I — T)L, and every T (induced by a probability
preserving transformation). . »

Below, we use the assumption f € (I —T)*L,for 1 <p<oand0< a <1,
which, by (2.6) and Corollary 2.12, is equivalent to

Thus, we will obtain a.e. convergernce results from norm assumptions.
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THEOREM 3.2: Let T be a Dunford-Schwartz operator in L1(u) of a probability
space, and fix 1 < p < oo, with dual index q = p/(p—1). Let 0 < a < 1, and
fe(d-T)*L,.
(i) Ifa >1—1/p=1/q, then (1/n/?) S0 Tkf - 0 ae.
(ii) Ifo =1 —1/p = 1/q, then (1/n*/P(logn)"/0) S  T*f — 0 a.e.
(iif) Ifa <1-1/p=1/q, then (1/n*~*) S 0 T*f = 0 a.e.

Proof: Denote aga) by aj. We know that f = g— 372, a;T7g with g € Ly, and

the series is a.e. absolutely convergent (by Lebesgue’s theorem). We may take

g € (I-T)L,, so we have 2 37 T*g — 0 a.e. By the absolute convergence,

n
we can reorder the terms in Y p_o T* f to represent it as A, + B,, + C,,, with

(3.2) Ap ::g+i[1 - (a1+...+aj)]Tjg=g+i ( Z ak)Tjg,
k

j=1 i=1 Mk=j+1

n n n
(3.3) B, :=- ZT”‘l(aj +aj414...+a,)Tig= —ZT"‘I (Zak)Tjg,

Jj=1 i=1 k=j
o) ] ] o0 . n—1

(34) Cni=— Y a;(Tig+...+T™ g =- " a,jTJ(ZTkg).
j=n+l j=n+l k=0

We will prove separately, in a succession of steps:
(I) A,/n'~® — 0 a.e. in both cases (i) and (ii).
(II) Cn/n'/P — 0 a.e. in cases (i) and (ii).
(Il1) B, /n'/? — 0 a.e. in case (i), and B, /[nY/P(logn)'/9] — 0 a.e. in case (ii).
(IV) A,/n'=* — 0 a.e. and C,,/n'~® — 0 a.e. in case (iii).
(V) Bp/n'~® — 0 a.e. in case (iii).

SteP I: We prove that A,/n'~* — 0 a.e. in both cases (i) and (ii), using the
following lemmas. The proof of the first one is standard.

LEMMA 3.3: Let {d;} be a sequence of real numbers with sup,, ;LI—Z;-':I |d;| < o0

and %Z;;l dj = 0. If ¢; — c, then also %2?:1 cjd; — 0.

LEMMA 3.4: If (1/n) Z;L=1 d; — 0, then for any 0 < o < 1 we have that
(1/n1=*) Y1 di/§* = 0.
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Proof: Let so =0, and s; = ZLI dy.. Then
1 d; 1 9 /1 1 |3l
i< = — nl
pl-a Zja — pl-a ;Isf(ja (j+1)a)|+ n

< 'ills‘l Ly lonl
_niTe j=1 Hjlta & g

Let € > 0. There is k such that |s;| < €j for j > k. Using the estimate
E;'Zzl ™ < n'"%/(1 - a), we show that

1 d;
1- E-_
n aj:lja

Continuation of the proof of Step I: By (2.2), j1*®a; converges. By the ergodic
theorem and Lemma 3.3, we obtain that 1 Yie1(i+ 1) *%a;41T7g — 0 ae. By
inserting ZZ":] ar = 1ja; (from Lemma 2.5) into (3.2) and using Lemma 3.4,
we obtain (with no aditional restriction on o < 1)

< eaf(1 - ).

limsup
n

1 1 1 . )
nl-a An = pi-ad + ani=o Z(J +1)a;11T7g >0 ae.
i=1

STEP II: We prove that C,,/n'/? — 0 a.e. in case (ii). This yields the result
also for case (i), since (I — T)*L, C (I — T)/9L, for « > 1/q. We need the
following lemma.

LeEMMA 3.5: Let {d;} be a sequence of non-negative numbers, and 0 < a < 1.
Ifsup,(1/n) 37, dj = M < oo, then sup, n® 3372 d;/5'+* < (1+a)M.

Proof: Again, let 5o =0, and s; = ZLI d;. Summation by parts yields

N N
> a= X Tt
114a 14a
j=n+1‘7 j=n+l J

_ z s( 1 1 )+ SN Sn
- I\Gida T (5 1+ T+a 1ta’
oy TNt (G e/ Nire (n - 1)te

The assumpion s, < nM and the positivity of s,, yield

) 00
dj 1 M(l + a)
Z 14 S M(l + a) Z 1 14-c S an® ?
j=n+1 j=n+1
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which proves the lemma.

Continuation of the proof of Step II: By the maximal inequality for T, the
function g* = sup,, 1 Zk;é T*(lg|) is in L, C Ly. Substituting in (3.4) we get
ICnl < n3°72, 1 a;T7g*, with absolute convergence of the series a.e. Using
a = 1/q (case (ii) ) and a, ~ 1/n'** we obtain

]C ' l/q =~ 7 * o = j % [ = 1 J . *
1p— Z ajTg =n Z ajTy SK" Z ‘1+aTg'
" jntl =t jentr?d

The function g** := sup,(1/n) Zk:é T*(g*) is in L, since g* is, so by the
previous lemma we have |C,|/nY/? < K'g** a.e.

The operators Cy,(g), defined on L, by (3.4), satisfy sup,, |Cr(g)|/n'/? < K'g**
a.e. By (2.2) and Lemma 2.5, Cy,(g)/n'/P converges for g constant. By the Banach
principle, it is enough to prove that Cy(g)/n'/? — 0 a.e. for g = h — Th with
h € L,. For such a g, we easily compute that

n-1 n-1 oo
~Cn(9) = ann T 3 THh+ ) Tk[ > (- aj—l)Tjh]'
k=0 k=0 j=n42
By (2.1),
1
aj_1— 05 = + aaj_l for iz 3.
Hence
ICfl(g)‘ 1-1/p n+1p % 1+a o aj-1 j 1%
(3.5) e S T P T + a3 ~=Th

j=n+2
Since o = 1/gq, (2.2) yields for the first term on the right-hand side of (3.5) a
majorization by K;T"*'h*/n, which converges to 0 a.e. (by the ergodic theo-
rem). Using (2.2), and Lemma 3.5 for the second inequality below, we obtain a
majorization of the second term of the right hand side of (3.5) by

Kon'/d TR < K n/? 1 TR < MR K" S0
2n Z J2+1/q 27, Z ji+i/a = L, - 0.
j=n+2 j=n+2

STep III:  We now deal with B,. Using again 3_;_  ax = (1/@)jaj, (3.3) yields

B, = -T"! Z (jaj — (n + Dag41)Tg
ij= 1
2n—1
(3.6) =T Z —]a,T’g + = (n + Dagyg Z Tkg.

j=1 k=n
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Since g € (I — T) Ly, the averages (1/n) Y, _, L T*g tend to 0 a.e. The asymptotic
behaviour a, ~ 1/n'* yields for the last term on the right hand side of (3.6)
that

2n—1 1 1 2n—-1 1 n-—1
ko ko1 k
—(n+ 1)an41 kz_;, T%g = ~a (n+ 1aptin [H ,;, T*g - kZ_OT g]

— 0 a.e.

In order to deal with the first term of the right hand side of (3.6), we need the
following claim, which implies the theorem.

Cramv 1: (i) If @ > 1/q, then

(3.7) for every h € Ly, T" ! Z kaxT*h =0  a.e.
k=1

(i) If « = 1/q, then

1
(3.8) for every h € Ly, /s

— T E kayT*h - 0 a.e.
1
(logn) /a k=1

Proof of Claim 1: For h € L, let h = sup, 1/n Y pZ T*(||?), which is a.e.
finite. Then 122" ' T9(|nP) < 3h. Using again ar ~ k=% we have
Yo klal <K Zk=1 1/k>4. By Hoélder’s inequality

n 2n—1
T Y kapT*h| = | D (j +1-n)ajy1-nToh
k=1 j=n

n 1/qp2n—1 1/p
<[] [ ]

k=1 j=n

n 1/qp2n—-1 1/p
< [Lwat] | X winp)

k=1 j=n

y n 1 /g v
<n p[Kka_a&] (3h)V/?,

=1

In case (i), ag > 1, so the last series converges, and we obtain

N L 1ZkakT’°
k=1

a.
l/p < 00 €.

for every h € Ly, sup
n
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In case (ii), the estimate > p_; 1/k <1+ logn yields

1 n—1 - k
for every h € Ly, sgp ;,T/}J—T kz_:kakT hl < o0 ae.

(log n)1/a

By the Banach principle, it is now enough to prove (3.7) or (3.8), as the case
is, only for h in a dense subspace of L,. For h invariant, ax ~ 1/k'** yields
S heikar < K Y4 1/k* ~ n'~* which implies the desired convergence to 0.
We now take h € (I —T)Ly, i.e.,, h= h — Th, and obtain

n—1 kyp _
(3.9) mT ;kakT h=

n
#T"‘l > [kax — (k — ak1JT*h + all—/T" ITh - nanl—/T" Ipntif,
k=2

The middle term in (3.9) tends to 0 a.e., since

|T"fz

b TP
nl/p

n

by the ergodic theorem for |A|P € L;. This implies that the last term, of the
order T?"i/nl/P+ also converges to 0 a.e. Finally, for the sum in (3.9), note
(again) that kay — (k 1)ag—1 = —cag_1. Since he L,, the series Z —q0; 17 |h|
is a.e. absolutely convergent, to the function h’ = |h| — (I — T)*|h| € L,. Hence
the first term in (3.9) satisfies

| S .
1—/an IZak_lT’“h

T" 1 Z[kak - — 1 ak 1]T h’

a—T"ZakT’“|h|
ni/
< a——nl/pT h —0.

STeP IV: To prove that A,/n'~* + C,,/n'=® — 0 a.e. in case (iii), let r =
1/1—a. Since a < 1/q, we have r < p, s0 g € L, is also in L,, and by steps I
and II (with p replaced by r and @ = 1 — 1/7) we have

Ap /=% 4+ Cp/nt = An/nl/r + Cn/nl/r -0 a.e.

STEP V: By,/n'~® — 0 a.e. in case (iii). As was shown at the beginning of
Step 11, the last term on the right-hand side of (3.6) converges to 0 a.e. (no
restrictions on a € (0,1) are needed).
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CLAM 2: If a < 1/q, then for every h € Ly,

(3.10) Tt Z kayT*h converges a.e.

1—a
n
k=1

Proof of Claim 2: Since 1 — a=1/p+ (1 — ag)/q, Holder’s inequality yields
2n—-1

o IZka Tktn- 1h| [nllaq Xn:(kak)q] [ Z T*( |h|p)]
k=1

Since ag < 1, we have

| nl-a

ni- ankaq l_aq

Using (2.2) (and k defined in the proof of Claim 1), we obtain

}nl_a -1 Zka Th+n= 1h| < C(BR)YP.

By the Banach principle, it is now enough to prove (3.10) for h in a dense sub-
space.

To prove (3.10) for h € L, invariant, replace « in (2.6) by 1 — o (and take
T = I) to obtain

n+l

nl- azk (a)— nl—aZka nl- azek—’

k=2

For h = h — Th with h € L,, we replace n'/? in (3.9) by n!~%, and the a..
convergence to 0 follows from the estimates of the terms of (3.9), since 1—a > 1/p.
This finishes the proof of Theorem 3.2. [ |

Remarks: 1. The conclusion of part (ii) of Theorem 3.2 can hold for f not in
(I — T)Y/9L,. Let p = 2, and take a sequence {f,} of ii.d. random variables
with mean 0 and variance 1, so the shift 8 yields f,, = fo o 8%, with fo € L.
By independence, ||(1/v/7) Y5—g fo 0 6%[l2 = 1, so by Corollary 2.15, fo ¢
(I = T)Y2L,. However, the Law of the Iterated Logarithm [La, p. 49] implies
that (1/v/nlogn) Y074 fr — 0 a.e. Note that by Theorem 2.17, fo € (I ~T)*Ly
for every a < %

2. In fact, the maximal function for (3.10) is in L,: Let p; < p have dual index
@1 < 1/a, and replace p by p; in the proof of Claim 2. Since |h|P* € Ly, , the
function h (now defined with p,) is also in Ly/p, , which yields the result.
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3. The method of proof of Step V yields also a short proof of the result of
Irmisch, along the lines of Déniel’s [Den] proof for probability preserving trans-
formations (the new ingredient is the use of the inequality |T*g[P < T*(|g|P) [Kr,
p. 65]).

THEOREM 3.6: Let T' be a Dunford-Schwartz operator in Li(u) of a probability
space, and fix 1 < p < oo, with dual index ¢ = p/(p—1). Let 0 < o < 1, and
fe(I-T)yL,.
(i) If o> 1/q, then the series Y, T* f /k*/P converges a.e.
(ii) If & < 1/q, then for any € > 0, the series Y po,T*f/k!=*(logk)'te
converges a.e.

Proof: (i) By Theorem 3.2 (i), S, f/n}/? — 0 a.e. Since 1/p+ a > 1, we have
a.e. convergence in (3.1) with v = 1/p.
(ii) Fix € > 0, and denote § = 1+¢, v = 1 — . By Abel’s summation by parts

—= kl—a(log k)1+e

Wf  Tf +"§[ 1 1 X,
n1(logn)® ~ 27(log2)* ' < Lkv(logk)® ~ (k + 1)7(log(k + 1))51 """
By Theorem 3.2 (ii)-(iii), S f/[n!~*(log n)®] — 0 a.e., so to prove the theorem it
remains to prove a.e. convergence of the last series. By the mean value theorem,

1 3 1 vlog(k+1)+6 C
kr(logk)® (k+1)7(log(k+1))® = kv+l(logk)s+l — kv+i(logk)®’

This gives an a.e. estimation for the series in question by
1 |Skf]
C
Z k(log k)® Fi-o"

Since f € (I — T)*L; and T is mean ergodic in Ly, ||Sxf/k'~%||y — 0. By
Lebesgue’s theorem and the convergence of 3 o, 1/k(log k)? for § > 1, we have

.- 1 'Skfl _ o 1 Skf
/,;2 k(log k) k—l_:dﬂ B I; k(log k)? ”kl_—aul < oo

-1 .
Hence 22;2 k(b; ) Jk_Sl%[ converges a.e., which proves the theorem. B
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COROLLARY 3.7: Let T be a Dunford-Schwartz operator in Li(p) of a
probability space, and fix 1 < p < co. Let f € Ly, and assume that for some
0 < B < 1 we have sup,, ||(1/n*=P) > p_, T*f|l, < co.

(i) If B > 1 — 1/p, then the series Y o, T*¥f/kYP converges a.e., so
(1/n¥P)S o T*f =0 ae.

(ii) If 8 < 1—1/p, then for every v > 1— 3, the series 3z, T* f /k7 converges
a.e, 50 (1/n") Y o T*f— 0 ae.

Proof: By Kronecker’s lemma, the convergence of the series in each case implies
the second convergence. By Theorem 2.17, for every a € (0,3) we have f €
(I —T)y*Ly.

(i) Take any a with 1/¢ < a < 8, and apply Theorem 3.6(3).

(il) Fix y > 1 — f, and take @ with1 —y < a < 8. Then v > 1 — ¢, and apply
Theorem 3.6(ii). |

Remarks: 1. The condition does not imply f € (I - T)PL, (e.g.,p=2, 8= 1,
and {T*f} iid.).

2. For an ergodic probability preserving transformation #, Assani and
Nicolaou [ANi, Theorems 5 and 6] obtained for Wiener-Wintner functions a.e.
simultaneous convergence, for every A with |A| = 1, of Y72, A*f 0 6% /K7, under
appropriate connections between v and p > 2.

Gaposhkin [G-1], [G-2], [G-3] has used spectral methods for the study of point-
wise ergodic theorems for unitary operators in Lo, and it is interesting to compare
his results with ours, when T is induced by an invertible probability preserving
transformation (and is then unitary in Lg). '

1. In [G-3, Theorem 6a] (see also [G-1]), there is a sufficient condition for the
a.e. (and Ly-norm) convergence of the left hand side of (3.1) (which then implies
that f € (I — T)1="Ls). In Theorem 3.6 (for T as above), with p = ¢ = 2, when
a < 1, we can obtain from [G-3] only the a.e. convergence of Y ,_, T*f/k" for
any ¥ > 1 — a, which is weaker than Theorem 3.6(ii). When a > %, we have
f e (I ~T)*Ly for & < 1, but then [G-3] yields only the a.e. convergence of
Yho1 T*f/kY for v > 3, so also in this case Theorem 3.6(i) gives a better result.

2. The following “rates of a.e. convergence”, for T unitary in Ly and f € Lo
with sup,, [|(1/n*7P) Y 5_; T*f|l2 < oo, are special cases of Gaposhkin’s [G-2,
Theorem 3], cases (vii), (iv), and (iii), respectively:
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(a) If B> 3, then

1 n
T*f — 0.
nl/2(logn log logn)!/2(log log log n)(1+€)/2 kX:; f=

(b) If B = 3, then

1 n .
n1/2(logn)3/2(log logn)(1+e)/2 ;T f—=0.

(c) If B < 3, then

1 n
T*f = 0.
n1=A(log n)/2(log log n)(1+<)/2 ?::1 fo

For T induced by an invertible probability preserving transformation, Corollary
3.7 (with p = 2) gives a better result for 8 > 1, while [G-2] yields a better result
for g < % On the other hand, for f € (I — T)?Ls, Theorem 3.2 yields better
rates in all the cases.

The question whether (1/nl/P) E;;é T*f converges a.e. for every f €
(I — T)/9L, has a negative answer in general, as shown in part (ii) of the
next proposition, and the counter-example is for T' induced by a probability
preserving transformation.

Fix 1 < p < 00, and put & = 1/q. For r > p we have a < 1 — 1/r, so Theorem
3.2(iii) yields a.e. convergence (to 0) of (1/n'/?) Y"2_; T*f for f € (I-T)*L, C
(I-T)*Ly. For T induced by a probability preserving transformation of ([0,1],dz)
we use the techniques of [BDenDe] to find a larger subspace L' C Ly, such that
(1/n1/?) Z;é T*f converges a.e. for f € (I — T)®L’. For a function g defined
on [0,1], let g# be the decreasing rearrangement of |g|, and define the Lorentz
space

L(p,1) := {gr /lz””g#(w)i—x < 00}.

0

We then have | J, ., Lr(dz) C L(p,1) C Lpy(dzx).

r>p
PROPOSITION 3.8: (i) Let T be induced on Ly([0,1}],dz) by an ergodic transfor-
mation of [0,1] which preserves Lebesgue measure. If f € (I —T)/9L(p, 1), then
(1/n'/?) S R_ s T f converges to 0 a.e.

(ii) There exists T induced on L2([0,1],dz) by an ergodic transformation of
[0,1] which preserves Lebesgue measure, and there exists f € (I — T)}Ly(dz),
such that (1/v/n) Yop_o T*f is a.e. non-convergent.
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Proof: (i) Let f € (I — T)Y/9L,. By Corollary 2.15, (1/nY/?) Y p_o T*f
converges to 0 in L,-norm, so if it converges a.e., the limit is 0 a.e. Write
f=(I-T)"Y9g, withg€ L, and [gdm =0 (so g€ (I - T)L, by ergodicity),
and take the decomposition Y"p_2 T*f = A, + B, + Cn given by (3.2)—(3.4)
(with a = 1/q). In Steps I and II of the the proof of Theorem 3.2 it was shown
that A, /n'/P — 0 and C,/n!/? — 0 a.e. By (3.6) (adding the same last term to
each sum),

aB, 1 W
=T Z —pdeT’ g+ 1/p(n+ 1)an+1§:T g-
=n
By the ergodic theorem, (1/n) Zk_n T*g — [gdm =0 a.e., so (2.2) yields a.e.
convergence to 0 of the last term above. Since ga(a) = aAﬁ 1 for 7 > 1, where
{A]} are the Cesaro coefficients and 8 =1—a =1/p, (2. 2) ylelds that a.e. con-
vergence of B,,/n'/? is equivalent to a.e. convergence of (1/A48) 22" A‘9 lrig.

This type of “weighted averages” for measure preserving transformatlons was
studied in [BDenDe]. It was proved there that a.e. convergence holds for weighted
averages as soon as it holds for the sequence of averages with the same weights
rearranged in increasing order. In our problem, the j-th given weight is 0 for
0 <j<nand A /A*B for n < § < 2n. When these weights are put in
increasing order, we have for n < j < 2n the weight Agn 1] /A2 (and 0 for j < n).
The rearranged weights behave like the weights of the Cesaro means of order
B. It was proved in [BDenDe] that for 0 < 8 < 1 the Cesaro means of order 3
converge a.e. for any function in the Lorentz space L(1/8,1) = L(p,1) (and this
space is optimal in terms of integrability conditions).

(i) Let T be the ergodic Lebesgue measure preserving transformation of [0,1]
defined by the stacking method with division by 2. Let gt € L, be non-negative,
with g+ ¢ L(2,1). By an adaptation of the construction in p. 709 of [BDenDe],
there exists another transformation which preserves Lebesgue measure, with in-
duced operator S, such that

T*(Sg+ 1 22 rR(ggt
(3.11) hmmf Z \/j_(_ing_i_)_<hmsup\/_z \/EESTg-l—)_

Let g~ = [gdx. Since g~ is constant, (1/\/_)22" YTE(Sg™) /T -nF1
converges a.e. Define g = g* — g~. Then [Sgdz = 0, so by ergodicity

Sge (I-T)L,. For f=(I - T)1/2Sg, (3.11) yields that

2n—1
=400 a.e.

lim sup \/_ ZT’“f =400 a.e. |
=1
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Example: T induced by a probability preserving transformation,

RIR Gy
Lm&Tf

- 0,
2

but f ¢ (I — T)Y/2L,.

This example is inspired by Lacey’s work [L]. Let 8 be an irrational number in
[0,1], and let T’ be induced in L2[0,1] by the measure preserving transformation
6(£) = £+ B mod 1. The desired function f € L, will be defined by its Fourier
coefficients. For j > 3 we define the half open interval

y

1= [log(l +79) logy[
N S J

The intervals I; are disjoint, with (J;3 I; =|0, (log 3)/3[. Denote the fractional
part of any real r by {r}, and let k; = inf{k > 0: 6%(0) = {kB} € I;} (the first
entrance time of 0 to I;). We define c;; = 1/4, and for non-negative k ¢ {k;}
we define ¢, = 0. For negative values put c_; = cx. Clearly Zkez c,2c < 00, S0
there is an f € L2[0,1] defined by f(t) = 3.,z cxe®™** (with convergence of
the series in Ly). Solving the fractional Poisson equation by Fourier series shows
that f € (I — T)'/2L; is equivalent to

> it <o
— g2mik
= |1 e2mi ﬂl
Since |1 — e?™| < 27t and {k;8} < (log7)/j, our definition of cy yields

S -t = S e 2 5 2

pez| >3’ 3] logJ

Hence f ¢ (I — T)Y/2L,. The proof that our f satisfies

n—1

Sy

k=0

2
lim —
n n

2

is rather delicate, and uses arguments similar to Lacey’s [L]. The main point in
the required analysis is the proof of

i LS~ Lo erimhd e
im Ly 1ol
m—00 17, ]2 1 — e2mik;
mb

=0 for arbitrary b< 1 < a.
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Remark: An example of a positive Dunford—Schwartz contraction T' (which is
not Markovian), with the same properties as the previous example, is given in
the next section.

Another important class of DS operators is that of Harris recurrent Markov
operators (Harris operators) with a finite invariant measure (see [F] or [Krl]),
which generalize positive recurrent Markov matrices. This class includes the
Markov operators satisfying Doeblin’s condition. Horowitz [Ho| proved that an
ergodic Harris operator P with invariant probability has a positive integer L (the
period of P), such that for every f € L, the sequence {P™L f} converges a.e.

THEOREM 3.9: Let P be a Harris recurrent operator with equivalent invari-
ant probability. If f € (I — P)*L; for some 0 < o < 1, then the series
S re L P®f/k'= converges a.e., and, consequently, (1/n'=*)3Y"¢_, P*f — 0 a.e.

Proof: The invariant ¢-algebra of a Harris operator is atomic [F]. By applying
Horowitz’s theorem on each atom we obtain that g* := sup,, |P"g| is finite a.e.,
for every g € L;. Let g € L. By Proposition 2.4(3),

n
3 G+ D)a P PII - Pyog

=0
<U-al+| 3 (Z(J+1 §if’a§:"’])P’°
k=n+1 j
<O-ag+ 3 (Z<J+1)a§1;’>a£"’])
k=n+1

By Lemma 2.3 we have

sup < 2(1-a)g*.

3G+ DGV PII - P)eg
2

By Banach’s principle, to get a.e. convergence of

n
Z(j + l)agila)P’(I — P)%g for every g € Ly,
=0

.

it is enough to prove it for g invariant and for g € (I — P)L (since P is mean
ergodic in L;). For g invariant, (I — P)*g = 0; for g = (I — P)h with h €
L;, the convergence follows from the computations in Proposition 2.6, with the
norm estimation using ||z|| replaced by pointwise estimation using h*. For f €
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(I — P)*L, we now have a.e. convergence of 3.7 o(j + l)aﬁ_la)Pj f, which is
equivalent to the assertion of the theorem. |

A special class of Markov operators consists of those corresponding to reversible
Markov chains. In terms of the transition operator P, it means that P has an
invariant probability, and in L, we have P* = P. Note that for any DS operator
T, also its dual T* is a DS operator.

THEOREM 3.10: Let T be a Dunford—Schwartz operator in a probability space,
with T* =T. Then
(i) For 1 <p < oo and 0 < o < 1 there is a constant Cy, , such that

n

3 G+ Ve YT - T)yg

sup
n>1

< Capliglly for every g € Ly.
r

(ii) For1 <p < 00,0 < a < 1, and f € (I-T)*L,, the series Y po, T*f /K~
converges a.e. and, consequently, (1/n'=*)Y"0_ TFf — 0 a.e.

Proof: By Stein’s theorem [St], g* := sup,, [T"g| is in L, for every g € L,, and
there exists a constant Cp such that ||g*||, < Cplgllp- (i) is now proved along the
lines of the previous proof, and so is (ii). |

THEOREM 3.11: Let T be a self-adjoint positive contraction of Ly(p), and let
0 < a < 1. Then:
(i) There exists a constant C,, such that

n

3 G+ 1)ai VT - )%

sup
n>1

< Callglls  for every g € L.
2

(i) For f € (I — T)*Lo, the series Y oo, T*f/k'™® converges a.e. and,
consequently, (1/n'=*)3"}_ T*f — 0 a.e.

The proof is the same as that of the previous theorem, except that we use the
appropriate version of Stein’s theorem [Kr, p. 190], which uses Akcoglu’s theorem
instead of the Dunford—Schwartz theorem.

THEOREM 3.12: Let 1 < p < 00, and let T' be a positive contraction of Ly(p). If
f € (I-T)*L, for some 0 < o < 1, then the series Y oo, T* f /k converges a.e.

Proof:  As in the proof of Akcoglu’s theorem (see [Kr, p. 189]), we may assume
that p is a probability. Let f € (I — T)*L,. Then f € (I -T)L,, and by
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Akcoglu’s theorem, Sipf/k — 0 a.e. (where Spf = Z;;l T7f). Since p is a
probability,
| Saf
p?

npl-a
which tends to 0 by Theorem 2.15. The theorem now follows from the proof of
Theorem 3.1. [ |

Snf

npl-a

s

1

THEOREM 3.13: Let T be a contraction of Ly(i) of a o-finite measure space,
0<a<l,and f € Ly(p). Then f € (I — T)*Ly(p) if and only if

N
3 G+ DaVTi s
=0

sup < oo.

N 1
Proof: When f € (I — T)*L;, we obtain the boundedness condition from
Proposition 2.4(ii).

Assume now supyy || E;vzo(j +1)a§1+_1°’)T9' fllh < 0o. We identify L;(p) with the
space M (1) of finite signed measures absolutely continuous with respect to u, and
let dv = fdp. Since Loo(p)* is the space of finitely additive measures absolutely
continuous with respect to p, an application of Theorem 2.13 to T** yields a
finitely additive p such that (I — T**)*p = v. We now adapt the argument of
[LiSi]. Let p = 1+ po be the Hewitt—Yosida decomposition of p, with € M (p)
and pp a pure charge (i.e., | po| does not dominate a countably additive measure).
Then

v=I-T")p=1-T3")p=I-T5")n+ po— Tg"po-

Since Ta*n = Tan € M(p), we have that (I — T;*)n is countably additive.
IToll €1 now yields
llpoll = 175" poll = (I — Ta)n — v + poll = |(I — Te) — vI| + loll-
Hence v = (I — Ty)np = (I — T)*n. 1
Remark: Theorem 2.13 gives the equivalence of the above conditions for dual

operators in dual spaces. However, even for T Dunford—Schwartz, it does not
imply directly the previous theorem.

4. Normal contractions in Hilbert spaces

In this section we look at special properties and characterizations of fractional
coboundaries of normal contractions in Hilbert spaces. In complex Hilbert spaces,
the spectral theorem is the main tool for the study.
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PROPOSITION 4.1: Let T be a normal contraction in a (real or complex) Hilbert
space H. Then for 0 < o <1 we have (I - T*)*H = (I - T)*H.

Proof: We first prove for a = 1. Since T is normal, for y € H and every N we
have

N 2 N 2
(4.1) Z Tky|| = Z Ty .
k=0 k=0

By [BuW)] (see also [LiSi]), y € (I — T)H if and only if supy || S0_, T*y|| < oo.
Applying this also to T* and using (4.1), we obtain (I -T)H = (I -T*)H. Since
(I-T)* =I~T, and T, is also a normal contraction, the proposition is proved.
|

Remark: A. Iwanik suggested to deduce Proposition 4.1 from the following
general result (which he proved for H complex, using the spectral theorem).
In fact, we obtain (I — T)"H = (I — T*)"H for every r > 0.

PROPOSITION 4.2: Let S be a normal operator in a (real or complex) Hilbert
space H. Then SH = S*H.

Proof: The operator R = /SS* is well-defined even in the real case (as a
strong limit of polynomials in $S* with real coeflicients), and is symmetric (i.e.,
R* = R). By [RSz-N, p. 283] (also in the real case), there is a unitary operator U
commuting with R such that $ = RU = UR. Then S = UR = U*U*R = S*U?,
which shows that S and S* have the same range. [

Remark: Proposition 4.1 fails if T is not normal. Let H = ¢; and T be the
shift T'(a1, az, a3, ...) = (0,01, as,...). Then T*(ay,as,as,...) = (az,a3,a4,...).
The unit vector e; = (1,0,0,...) satisfies T*e; = 0, so for 0 < a < 1 we have
(I—T*)*e; = e;. Since T7e; = ej41 for j > 1, we have

N .

3 o
11—«

=17

For o > %, the divergence of the series and Theorem 2.13 yield e; ¢ (I — T)*H.

2 N 1
= Sae

=17

PROPOSITION 4.3: Let T be an isometry of a (real or complex) Hilbert space H.
Then (I — T)H C (I — T*)H, and equality holds if and only if T is invertible.

Proof: T*T = Iimplies I - T = T*T — T = (T* - I)T, which yields the desired
inclusion. If T is invertible, T is also an isometry, and equality holds.
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Assume that T is not invertible; so there is z € H with TT*z # 2. Since
T and T have the same fixed points, the ergodic decomposition shows that we
may take z € (I - T)H. Put y = (I — T*)z. If y = —(I — T)z, we may assume
ze€(I-T)H. Wehave Tz = z+y,so (I-T*)(z+y) = (I-T*)Tz = (T-Dz =
y=(I—-T")2z Hence I -T*)(z+y—2)=0forz+y—2z¢€ (I-T)H, so
z =z +y, yielding z = Tz. Hence TT*z = TT*Tx = Tx = z — a contradiction.
1

THEOREM 4.4: Let T be a normal contraction in a complex Hilbert space, with
spectral measure E(.) on the Borel subsets of the spectrum o(T). Let 0 < a < 1
andy € H. Theny € (I - T)*H if and only if

(4.2) / . ll—_l/\?o—‘(E(d)\)y, y) < oo.

Proof: Denote p(.) = (E(.)y,y). Assume that (4.2) holds. In particular
p({1}) = 0. Let ¢(A) = T2, aS”N. Then |1 ~ A2 = |1 - ¢(A)[?. Since
Ty = Z;’il a(~a)Tj, for any N > 1 the spectral theorem yields

2 N .
= A
/,(T) 3 o)

k=0
1 — pA)N+L]2 4

= — 2 L du< ——du.

/[,m e “—/am T — A2

(4.2) yields supy || 2,1:;0 Tky|| < oo, and y € (I — To)H = (I — T)*H by [BuW).
Assume now that y = (I — T)*z, and we may take x € (I — T,)H. By the
spectral theorem, for any Borel set A we have

N

> Ta

k=0

2
dp

(E(A)y, y) = (E(A)(I - Ta)z, (I - To)z) = (E(A)I - To)(I ~ T3)z, 7)
- / (1= 3 a®N) (1= 3 aPN) (BN, o) = / 11— AP*(E(d)\), z).
A j=1 k=1 A
This shows that the measure (E(.)y,y) is absolutely continuous with respect to

(E(.)z,z), with Radon~Nikodym derivative |1 — A|>*. Since z € (I ~ T)H, we
have (E({1}z,z) = 0, so the measures are equivalent. (4.2) follows from

1
[, o T E @) = / IRCCCE R
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Remark: For T symmetric and « = %, the result is implicit in [KiV].

The next example shows that the converse of Corollary 2.15 may fail even for
symmetric contractions.

Example: A symmetric contraction T, y ¢ (I—T)% H with }}(1/v/n) E;:é T )
- 0.

Construction: Let H = L3[0,1] (with Lebesgue’s measure), and define T f(t) =
tf(t). Then T is a symmetric contraction, and (I ~ T)%f(t) =+/1—tf(t). Thus,
f€(I-T)Y2H if and only if
2
[0y o

1 n—1 . 2 1 1 n-1 2 )
el TEFl = -/ t t)|*dt.
”ﬁ; no(é )1£@)
Fix 6 < a < 1, and define h(t) on [0,1) by h{t) = 0 on {0,a) and h(t) =
—1/log(1 — ¢t} on [a,1). Since lim,_,;- h(t) = 0, we define A(1) = 0. Then h is

strictly decreasing and continuous on [a, 1], so fol h(t)dt < co. Put g(t) = \/h(t).
Then g ¢ (I — T)Y/2H, since

Clearly,

£))2 ! -1 .
0 = | gt = s (st )l =

We now assume a > 1 — 1/e, and show that ||(1/v/7) Spee TFgll = 0. For
n > 1/(1 — a) we have

(4.3) %/01 (niltk)z{g(t)[?dt -

k=0
1 [i-i/m 1~ $7)2 1 n~1 k\2
=/ e L
n Ja (1—1)%log(1 —t) nJi1/m log(l—t)

Since (1/n)( 2’;3 tk)2 < n on [0, 1], the monotonicity of k(¢) on [a, 1] yields

1/1 ( Z;ét’“)sz 1 /1 h(t)dt < k(1 — 1/n)s=%h(1) = 0
1 \ik=0" / e < — Ninoseco = u.
nJi_1m log(l—1t) n fioin

The first integral on the right hand side of (4.3) clearly satisfies

1-1/n — {n)2 _ 1-1/n
) A Y L
(1- t log(l — 1) n J, (1—t)2log(l ~t)
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Integrating by parts, we obtain, using a > 1 — 1/e and h(a) < 1,

1 [i-in 1 1 1 1
= / - dt < [+ =20,
noJ, (1—t)%log(l —1t) 1-h(a)llogn  n(1-a)log(l - a)
This proves convergence to 0 of the first integral on the right hand side of (4.3).

Gordin and Lifshits (in Corollary IV.7.1 of [Bol]) proved the central limit
theorem for a normal Markov operator T when f € L satisfies the following two

conditions:
n—1 . 2 n . 2
(4.4) 131_1)53[ ;)T f Z‘:T f ]<oo
and
) 1 n-1 .
(4.5) lim ’ ﬁgoT fll=o.

It is shown there that in terms of the spectral measure E, for any normal operator
(4.4) is equivalent to

(4.6) / 1—_M(E(d/\) £.f) < 0.

) (1= A2
By Theorem 4.4 and Corollary 2.15, (4.6) and (4.5) are satisfied when f €

I-TH.

Condition (4.6) is always satisfied by T unitary, so does not imply (4.5). For
T symmetric, (4.6) holds if and only if f € /T — TH, so the previous example
shows that (4.5) does not imply (4.6). Finally, the example of the previous section
shows that (4.5) and (4.6) together do not imply f € /I - TH.
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